SIGNED ARITHMETIC NOTATION
for the Dozenal Clock

Paul Rapoport
Signed versions of the diurnal and semidiurnal clocks on this site use signed arithmetic
notation, also known as reverse or balanced notation.
One advantage of signed notation for time is that it allows the present to allot equal
weight to the past and future. Equal treatment is given to time since and time until, i.e.
time elapsed and time remaining. Why should we always count away from a past event
without including where we’re going?
Nonetheless, time is always counted forwards. Signed notation uses negative numerals
to show time moving forwards to an end point.
Incipient signed reckoning of time is already found in what we usually say after the 30minute mark in any hour. Even though there’s a formal, written expression like 7:40,
more often we say “20 to 8,” and for 7:45 “a quarter to 8.” Those times are represented
better by 8:ƒ˙ and 8:∂Ω. The overline indicates negation or subtraction from the end
point, the hour number to the left. (The ˙ may seem anomalous, because 0 is
considered neither positive nor negative. It is explained below.)
Another possible example comes from sports, where it’s important to know how much
time is left in, for example, a quarter, period, half, or game. If there are 1 minute and
13 seconds left in a 20-minute period, that is more obvious with the notation 2∂:∂˚
than with 18:47. Using signed notation, sport clocks don’t have to count only down or
only up, but may do both: time is counted away from a starting point (viz. 0:00) for half
a period, whatever its length, then towards the end point, which is the end of the
period. More about that will be said below.
A less obvious example of would-be signed notation is the constant North American
pricing just below a multiple of a dollar, e.g. $4.98, $9.99, $29.95. In signed notation
those become $5.˙ƒ, $10.˙∂, and $30.˙Ω. The emphasis on the lower dollar number in
each case is unwarranted, because the prices are almost at the next higher dollar, which
better represents the cost.
The advantages of signed notation are many. Some were described in 1726 by John
Colson in “A short Account of Negativo-affirmative Arithmetick,” and by others in the
following centuries. An early description of signed notation in dozenal and its
advantages is in the book The Reverse Notation, by J. Halcro Johnston, published in
1937.
Simply stated, the basic arithmetic operations become easier, especially with large
numbers. The exception is division, which is at least no harder. Even with small
numbers, multiplication is much simplified. Because there are no numerals above |5| in
decimal, nor above |6| in dozenal, the usual multiplication table up to the square of the
base or beyond is reduced greatly. That will be demonstrated below.

Rounding is also simplified, which will also be demonstrated. Another benefit is more
use of numerals in the subitizing range, i.e. the low range in which the quantity of
objects may be known without actual counting.
The basics
Even when there are no negative quantities or measurements, signed notation gives
equal importance to negative and positive numerals. The only numerals needed are
between -5 and +5 in the decimal system, and between -6 and +6 in dozenal. The
numerals above half the base are not used.

Positive and negative numbers both may have a mixture of positive and negative
numerals. A positive number (≥ 0) begins with a positive numeral, a negative number
(≤ 0) with a negative numeral. A negative number has no negative sign in front of it.
Counting to 10 in decimal, the numbers ascend as 1 2 3 4 5/1Ω 1¬ 1˚ 1ƒ 1∂ 10. The
numbers 5 and 1Ω (10 minus 5) are the same. Counting to 10 in dozenal: 1 2 3 4 5 6/1≈
1Ω 1¬ 1˚ 1ƒ 1∂ 10.
Negative numbers have the opposite sign of the unstated + of the positive: in decimal,
the numbers descend as ∂ ƒ ˚ ¬ Ω/∂5 ∂4 ∂3 ∂2 ∂1 ∂˙. The numbers Ω and ∂5 (-10 plus
5) are the same. Dozenal counting: ∂ ƒ ˚ ¬ Ω ≈/∂6 ∂5 ∂4 ∂3 ∂2 ∂1 ∂˙.
Each numeral of a positive number appears in the form that is closer to 0 or to 10. For
example, in the number 37, 7 is closer to 10 than to 0, making 37 closer to 40 than to
30. It is therefore written in the decimal base as 4˚: 40 minus 3. In the number 281, 8
is closer to 10 than to 0, making 281 closer to 300 than to 200. Hence decimal 281 is
written 3ƒ1: 300 minus 20 plus 1.
In dozenal, 37 becomes 4Ω, and 281 becomes 3¬1.
Converting numbers to signed notation
We convert a traditional, unsigned decimal number to a signed number by the
following procedure:

In positive numbers, if the rightmost numeral is 5 6 7 8 or 9, replace it with 10 minus
the numeral and place a line over the result. Then add 1 to the numeral to the left.
Repeat the process on each successive numeral. If 5 results from adding 1 to 4, do not
replace it. If 10 results from adding 1 to 9, replace it with ˙ and add 1 to the numeral
to the left.
In dozenal the operation is similar, initially replacing 6 7 8 9 ® or †. If 6 results from
adding 1 to 5, do not replace it. If 10 results from adding 1 to †, replace it with ˙ and
add 1 to the numeral to the left.
Negative numbers in either base are treated in the same way as positive numbers, with
all the signs reversed.

Example: the decimal number 8496. Replace the 6 with ¬; add 1 to the 9, replace 10
with ˙, and add 1 to the 4, making 5; leave the 5 as positive. Replace the 8 with ƒ; add
1 to the implied 0 to the left. The result is 1ƒ5˙¬, meaning 4 fewer than 1ƒ500, or 4
fewer than unsigned 8500.
Because the numeral 5 may be positive or negative, being equidistant from 0 and 10 (in
dozenal, the same for the numeral 6), we may also write 1ƒ5˙¬ as 1∂Ω˙¬, although
there’s a reason not to. Because the original number, 8496, is closer to 8000 than to
9000, i.e. closer to 1ƒ000 than to 1∂000, it is ordinarily written to indicate that, viz.
1ƒ5˙¬. The number 8504, however, being closer to 9000 than to 8000, is written 1∂Ω04:
unsigned 9000 minus 500 plus 4.
Although it has exceptions, the general rule is that decimal 5 or dozenal 6 has the
opposite sign of that of the numeral to its right. The number 0 has the same sign as
that of the numeral to its right. In positive numbers, if there is no numeral to its right,
0 is usually positive, and 5 in decimal (6 in dozenal) usually negative, although again
there are exceptions. That makes unsigned 500, exactly halfway between 0 and 1000,
become signed 1Ω00 rather than 5˙˙, although the latter is possible. (See the discussion
about zero and about sports, below.)
In negative numbers, if there is no numeral to its right, 0 is usually negative, and 5 in
decimal (6 in dozenal) usually positive. Unsigned -500 becomes ∂5˙˙, although Ω00 is
possible. Likewise, the unsigned number -8496 is treated in the exact opposite way of
8496 above, becoming signed ∂2Ω04, 4 more than ∂2Ω00 (unsigned -8500), preferably not
written as ∂1504.
Rounding
One result of these principles is that rounding becomes simpler. In signed notation,
rounding is achieved by mere truncation. For example, in unsigned dozenal, 19 and 1®
rounded to the nearest dozen are 20, requiring that the last digit be discarded and the
first digit be changed. In signed dozenal, they become 2˚ and 2ƒ, requiring only that
the last digit be discarded. For the same reason, in dozenal 16 is usually written 2≈. The
number 16 to the nearest dozen rounds up to 20, which is immediately realized by
truncation only if 16 is written as 2≈.

The same is true for negative numbers, provided the rounding rule is Round away from
0 or Round up in absolute value. Thus ∂≈ rounds to ƒ˙, which truncates correctly only
if written as ƒ6.
With different rounding rules and other contexts, other forms of signed notation are
possible. If the rule is Round to even, then halfway to decimal 1000 may be 5˙˙ or even
500. Ignoring the various rules, ascending to 1000, 555 is the highest number with no
negative numerals. It would normally be written 1¬¬Ω.
Fractions
For digits after a decimal or dozenal point, the principle is the same. To convert to the
signed decimal fraction for 1/7 from the unsigned 0.142857 repeating, we start with the
rightmost numeral. We replace it with ˚ and add 1 to the next numeral to the left,

replacing the 5 with 6. Then we replace the 6 with ¬ and add 1 to the numeral to its
left. The end of the process is 0.143∂¬˚ repeating.
The unsigned dozenal fraction for 1/7 is 0.186®35 repeating. Signed, it becomes
0.2˚Ωƒ35 repeating. In both bases, the advantage of signed notation in this and similar
examples should be clear.
About that zero
Traditional, unsigned notation implies a -0. The negative sign, e.g. in -20.340, indicates
that all the following numerals are negative, without an explicit sign for each. Signed
notation makes the negation explicit because of the potential mixture of positive and
negative numerals in one number. The principles of the notation reflect that 0 and
decimal 5 (dozenal 6) are treated in opposite ways. For that, we need both 0 and ˙.

It’s easy to see ˙ in operation on the signed clocks. With the division into left and right,
half of each clock is positive and half negative. Numerals 0 and 6 are the gatekeepers.
When a hand reaches 6, it crosses over into negative territory; there 6 becomes ≈. The
same applies to 0 but in the other direction. When a hand reaches 0, it crosses over
into positive territory; there ˙ becomes 0.
The difference between numbers like 2.0 and 2.˙ (which is possible despite the rules for
0) may be seen to come from rounding. The former may be rounded from 2.01 and the
latter from 2.˙∂. The following discussion illustrates another anomalous use of ˙.
Back to sports
On scoreboards in team sports, timers might sign the period, the base, or both,
illustrated in the columns of the following table for a decimal 15-minute quarter or
dozenal 16-trice quarter. (They are the same length.) The table is for minutes or trices
only; seconds or lulls may be signed as well. The midpoint is 7 minutes 30 seconds or 9
trices. The leftmost 1 in columns 2 and 4 on each side indicates that this is the 1st
quarter.

The leftmost 0 and 1 in those columns suggest that signing a period presents a
combination of cardinal and ordinal counting. Cardinally, the 1st quarter is the 0 quarter
until it reaches its endpoint, which is 1:00, much as hours on a traditional clock are
counted. Ordinally, the 1st quarter is just that, and may be indicated by the numeral 1.
In the signed 1st quarter, 0 is the first numeral in the time up to the midpoint, and 1 is
the first numeral from then to the end point.
Alternative times are possible in some of the table, e.g. the end points. They may be the
commoner 1:00, and decimal 2Ω or dozenal 2≈. In the table they are as indicated
because there’s no further counting.

The last column presents the most thorough signing. Is it any harder to deal with than
the mix of bases 2, 6, 10, and 12 in a traditional day?
If a period coincides with a multiple of the base, it is possible also to sign the timer
only:

Back to arithmetic
The operations of addition, subtraction, multiplication, division, and a few others are
illustrated for dozenal in condensed form in J. Halcro Johnston’s article “The Reverse
Notation,” from the Duodecimal Bulletin, Vol. 6 No. 2 (August 1950).

Most striking may be the difference between unsigned and signed multiplication. In the
decimal tables below, the numbers 0, ˙, 1, and ∂ are omitted, because multiplying by
them gives trivially easy answers requiring no memorization.

Unsigned
2 3
2 4 6
3 6 9
4 8 12
5 10 15
6 12 18
7 14 21
8 16 24
9 18 27

4

5

6

7

8

9 Unique

8 10 12 14 16 18

8

12 15 18 21 24 27

7

16 20 24 28 32 36

6

20 25 30 35 40 45

5

24 30 36 42 48 54

4

28 35 42 49 56 63

3

32 40 48 56 64 72

2

36 45 54 63 72 81

1
36 Total

Signed
Ω
Ω 3Ω
¬ 20
˚ 2Ω
ƒ 10
2
3
4
5

¬

˚

ƒ

2

3

4

5 Unique

20 2Ω 10 ∂˙ ƒ5 ƒ˙ ˚5
2¬ 12 1ƒ ∂2 ∂ƒ ƒ4 ƒ˙
12 1∂ 1¬ ∂4 ∂1 ∂ƒ ƒ5
1ƒ 1¬

4

¬ ∂4 ∂2 ∂˙

∂˙ ∂2 ∂4

¬

4 1¬ 1ƒ 10

4

ƒ5 ∂ƒ ∂1 ∂4 1¬ 1∂ 12 2Ω

3

20 ƒ4 ∂ƒ ∂2 1ƒ 12 2¬ 20

2

˚5 ƒ˙ ƒ5 ∂˙ 10 2Ω 20 3Ω

1
10 Total

The last column in each table counts the number of unique results in each row, which
are indicated individually in bold face. The result of 2 x 3 is included, but not 3 x 2,
etc.
For simplicity, the signed table counts only positive numbers multiplied by positive
numbers. It does not matter which set we count: any pairing of positive and negative
gives results which are repeated for the other pairings, with the only difference being
signs. The increased symmetry in the signed table is indicated by the additional straight
lines.
In multiplication in signed notation, some traditional higher numbers involve slightly
more work. For example, decimal 7 x 8. Signed, that becomes 1˚ x 1ƒ. The result may
be determined as follows:

1˚
x1ƒ
∂¬
1˚
1¬¬
(= 56)
A disadvantage of signed notation, clear here and elsewhere, is that many numbers gain
an extra digit. Decimal 50 is usually 1Ω0; all numbers from there up to 99 have three
digits. Dozenal 60 is usually 1≈0; all numbers from there up to †† have three digits.
Time
The signing of time in a digital readout based on traditional notation poses significant
questions, which the table for the 15-minute quarter suggests. They will be discussed
more elsewhere. In dozenal time, there is almost no difficulty. Following the rules
mentioned, noon arrives in Diurnal 1 signed and Diurnal 2 signed as 600 and becomes
1≈00 instantly, because any time after noon is closer to the next midnight (1000) than
to the previous one (000). For example, one lull after noon is 1≈00.1.

On the signed readouts of clocks Diurnal 1 and Diurnal 2, the 1 representing midnight
is omitted with the understanding that any negative numeral in the dwells’ place
implies it.
In signed notation, one advantage of rounding being truncation is that we may look at
a clock face and know at a glance what the time is merely by noting which numeral
each hand is nearest, which may mean earlier or later than that numeral. The following
clock face

is observed to be 6∂ƒ.41 as easily as, with all positive numerals, 5®®.41:

The dashed lines above the 6 and 0 on the first clock face above indicate that they may
be positive or negative.
The semidiurnal clock’s digital readout may be signed similarly to the diurnals’. That
the semidiurnal clock has 2 as its maximum leftmost numeral comes from its initial
division of the day into 2. On that clock’s digital readout, no numerals are omitted.
The clock labelled Diurnal 3 signed applies to clock time the centring of the signed
numerals in a base around 0. That means 0 represents noon, the day’s central point,
and therefore the day starts at ≈00 and ends it at 6˙˙, both midnight. In this case, no
numeral 1 to the left is implied when the first numeral is negative.
Onwards?
Signed notation has distinct advantages, despite its oddity and a few disadvantages.
More has been written about it, and more will be. What it needs now are more users to
test it.

